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Formulas are derived that express the contributions of the electric quadrupole-quadrupole and
dipole-octupole forces, respectively, to the dispersion energy of two unexcited molecules possessing
axial symmetry. The formulas are valid in situations where the optical dispersion curve of each
molecule is adequately characterized by a pair of resonance frequencies.

1. Introduction

Let us consider a microscopic system composed
of two equal but opposite electric charges, such that
the positive charge is located at a fixed origin, while
the negative charge e, say, is displaced from it by
the vector 7. Suppose a similar system with dis-
placement " has its origin at a point whose position
vector is R relative to the first origin. The potential
energy pertaining to the CouLoms interaction between
the two systems is then
V=R ' +|R-7 +7"|!

—|R=¥|1=|R+7"'|™). Q)
If both 7’ and r” are taken to be less than R, this
function can be expanded in a power series for the
reciprocal distance R™!, which commences with
third-order terms. One may write this series as

V=Vi+Vs+Vs+Vsy+..., (2)

where V', V,, etc. are identical with the potential
energies of respectively two dipoles, a dipole and a
quadrupole, two quadrupoles, and so on for electric
multipoles of increasing order. Not every term of
(2) — we should remark — is of a different order;
for instance, while it is true that V; is of the order
three and V', of the order four in R™1, both V5 and
V, are fifth-order terms.

The expansion (2) has been made the point of
departure by Marcenau! and others®3 for quan-
tum-mechanical second-order perturbation calcula-
tions of the dispersion forces between molecules in
spherically symmetric ground states. These calcula-
tions are in general based on a model according to
which a molecule consists effectively of a certain
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number, integral or fractional, of electrons behaving
as isotropic simple harmonic oscillators of the same
frequency. Now, such a model can obviously not be
expected to furnish useful results for molecules, such
as the diatomic ones, whose electronic wave func-
tions are markedly lacking in spherical symmetry.
At least it should be realized, as Lonpon* pointed
out, that the stiffness constant of an electronic oscil-
lator along a bond direction would be different from
the constant perpendicular to it. This view has given
rise to the so-called anisotropic oscillator model of
Loxpon, which, on application to unexcited axially
symmetric molecules, leads in the dipole-dipole
approximation, V' =V, to the well-known R~ for-
mula of Lonpon for the dispersion energy %% with
its characteristic dependence upon the orientations
of the molecule axes. In a recent study ®, the better
approximation V' =V, +V, has been employed: its
effect is to augment the Loxpon formula by a cer-
tain orientation-dependent dipole-quadrupole energy
term, which varies as R™8.

In the present paper we shall carry the generaliza-
tion of LoNxpoN’s formula a step further by including
moreover the fifth-order terms V3 and ¥V, in the
definition of V. Because of the mere asymptotic
validity of the dispersion energy series?, this is
probably as far as one should go for immediate
physical purposes. We shall not bother, in what fol-
lows, to define all our symbols, and the method of
calculation will likewise be given short shrift, leav-
ing us mainly with a summary of results. For en-
lightenment on the missing details, references 5
and 6 should be consulted.

4 F. Lo~poy, J. Phys. Chem. 46, 305 [1942].
5 A.J.van~ pEr Merwe, Z. Physik 196, 212 [1966].
6 A.J.va~ pEr Merwe, Z. Physik 196, 332 [1966].

7 A. Darcarno and J. T. Lewis, Proc. Phys. Soc. London A 69,
57 [1956].

@NOIS)

Lizenz.

Zum 01.01.2015 ist eine Anpassung der Lizenzbedingungen (Entfall der
Creative Commons Lizenzbedingung ,Keine Bearbeitung®) beabsichtigt,
um eine Nachnutzung auch im Rahmen zukiinftiger wissenschaftlicher

Nutzungsformen zu erméglichen.

Dieses Werk wurde im Jahr 2013 vom Verlag Zeitschrift fir Naturforschung
in Zusammenarbeit mit der Max-Planck-Gesellschaft zur Férderung der

ND Wissenschaften e.V. digitalisiert und unter folgender Lizenz verdffentlicht:
Creative Commons Namensnennung-Keine Bearbeitung 3.0 Deutschland

3.0 Germany License.

to allow reuse in the area of future scientific usage.

This work has been digitalized and published in 2013 by Verlag Zeitschrift
fir Naturforschung in cooperation with the Max Planck Society for the
Advancement of Science under a Creative Commons Attribution-NoDerivs

On 01.01.2015 it is planned to change the License Conditions (the removal
of the Creative Commons License condition “no derivative works”). This is



594

A.J. VAN DER MERWE

2. Classical Potential Energy

On performing the TavLor expansion of V, we find that V3 and V, in Eq. (2) are given, with

—5r2(Ry )2 —51"2(Ry'T)? +35(Ry )2 (Ry'1)?] (3)

R():R/R, by

Vs=i ; r2r 4 2(r 1) —20(Ry ) (Ry 1) (¢17)
and

, 1 e

Vi= ;5

[15 r2(Ry“r") (Ryr”) +15¢"2(Ryr) (Ry¥") —3r2(r'#”) —32"%(¢' ") (4)

+15(Ry )2 (r'-r”") +15(R, r")2 (r'-7") -35(R, 1) (R, )% —35(Ry ") (R, 7)3] .

A resolution of " and 1 into their components
relative to two rectangular Cartesian sets of axes
located at the centers of the first and second mole-
cules, respectively, allows us to rewrite the foregoing
equations as

3 e 8 .. B i _
V3= ;5 222 Z (ij, km) x;z; 21 @, (5)
4 T m
and
1 2% e s . i &
V4: 2 R ZZZZ[("}kym)xixj'Tkxm
- i ik om

% ’’ r’ ’77 ' 4
+(m,ijk) ; ;) ap x,] (6)

with appropriately defined coefficients (ij, km).
(ijk,m), and (m,ijk).

If one’s purpose is to study isotropic molecules,
it will clearly be proper and advantageous to choose
the singly and doubly primed sets of axes to be
mutually parallel, fixed in space, and such that one
of the coordinate directions coincides with R; the
coefficients in (5) and (6) will then simply be some
integers. But, when we are dealing with anisotropic
molecules, the choice of axes is no longer solely a
matter of preference, as each set of axes must be
attached rigidly to the molecule it spans; relative to
such axes, rotating with the molecules, the coeffi-
cients are rather complicated functions of the rota-
tion angles. For the case under consideration, where
the molecules are posited to have axial symmetry,
and the axes are defined as in ref. 5, these functions
turn out to be 7*

(ij, km) = 0;; Opm+ 17 cos O; cos O cos Oy, cos O,
—50;;cos O} cos Oy, —5 0y, cos O cos O]
+25in O cos O] sin O} cos O, cos Dy,
—18cos O sin O ] cos O sin O, cos D,

+25sin @;sin O] sin O} sin O, cos D cos D,
= T transpose of (km,ij) (7)

and
(i jk,m) = 12 0;; cos O cos o,

— 20 cos O cos @; cos O cos O,

—30;jsin O} sin O, cos Dy,

+15 cos O;cos Q;Gin O ;sin O ,.cos Dy

= T transpose of (m,ijk); (8)

here “transpose’ denotes the result obtained on in-
terchanging single and double primes in the function
following it. In order to express the foregoing 243
coefficients in as few variables as possible, it is
furthermore necessary to notice that

O, =60'+90°, O; =90°, O;=0';
67 =0”+90°, @7 =90°, OF =6";
Dyy = Dyy=Dyy= Py =Dy =D, (9)

Dy =Dy =D +90°,

In this table ©®" and O signify the angles made by
the molecule axes with the vector R, and @ the
angle included by the projections of these axes onto
a plane perpendicular to R.

Doy — Dyy = D — 90°.

3. Quadrupole—Quadrupole Perturbation Energy

In keeping with the anisotropic oscillator model,
we assume next that the wave function of a system
of two widely separated molecules is the product
of six oscillator wave functions, as described in
ref. 5. Our problem is then to find the perturbation
energy associated with the (not too close) approach
of two molecules in their ground states, when the
interaction V=V, +V,+V;+V, is used and per-
turbation terms of third and higher order are neg-

7a Capital Greek letters replace here the corresponding small
letters in the notation of ref. &. — Although the use of ir-
reducible tensors would have made our computations more
compact, we have chosen to express the outcome in terms of
simple trigonometric functions, which permit a straightfor-
ward interpretation of our final results.
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lected. Inspection reveals the fortunate fact that
any of the matrix elements of V' here required, re-
ceives a contribution from at most one of the four
terms V; into which V' has been analyzed. Conse-
quently, one is entitled to treat each V; separately
from the others; the corresponding energies furnish
on addition the total perturbation energy.

In this section we confine ourselves to V3, and
assume that the interacting molecules contain respec-
tively / and f” oscillating electrons. The first-order
perturbation energy is non-zero and found to be
ED = i QI£~ [1—-5(cos2 O +cos2O) (10)

—15cos2 O cos?2 O +2(4 cos O cos O
—sin @ sin O cos D)2] ,

h E(2)
G eR)Eff
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where

/1y

(O |
Ii’

— %), (11)

A ¥ rfn) {4
and Q" is similarly defined. E(V is recognized as
being the classical CouLoums interaction energy of
two rigid quadrupoles, of moments Q" and Q”,
whose axes coincide with those of the molecules 8.
The appearance of this term was, of course, inevi-
table in view of the non-vanishing quadrupole mo-

ments of non-spherical molecules.

The second-order perturbation energy correspond-
ing to V3 provides the quadrupole-quadrupole dis-
persion energy; we obtain

= (3221 FD) 1 (1/BY -1/B[)2 (T —)

+[16(r2 +»") B A1~ (1L —1/F")2 (TA, =) + (167 B) ™ (1B —1/B)% (A2, —)

+[64(»1L +v ) (BLAEI I (T T?) +[8(r +»)) (BL B)2]~t (T2, A2)

(12)

+[16(r) +2)) (B B)2]171 (A2, A2) +[16(2v. +»1 +»") BL2BY B 171 (T2, TA)
+[32(» L +v; +v) +v)BLBIBLBTT (TA,TA) +[8(» +» +2v)) BB B 2171 (TA,T?)
+ [16(”1,1 +v7) (ByBL)2]1 1 (A% T?) + [8(2» +1’¢/ +v ) ﬂ;lzﬂL B1]17! (A%, TA) + transpose;

herein the coefficients (T2, —), (TA, —), etc. (T =transverse, A = axial) are the following rather compli-

cated functions of the orientation angles:

=[(21,33) +(12,33)]2 +2(11,33)%2+2(22,33)2,

(TA, —) =[(31,33) +(13,33)]* +[(23,33) + (32,33) ]?,

—4(11,11)2+8(22,11)2 +4(22,22)2

+[(21,21) + (12,21) + (21,12) + (12,12)]?
+4[(21,11) + (12,11) ]2 +4[(22,21) + (22,12) )3,

(T29 —)

(A2a ") a (339 33)2’

(T2, T?)

(T2a A2) = (1]-, 33)2+ (22, 33)25
(A29 A2) = (33533)29

(T3, TA)

=[(21,31) + (12,31) +(21,13) + (12,13)]?

+[(21,23) + (12,23) + (12,32) + (21,32)]2

+2[(22,31) + (22,13) 12+ 2[ (22, 23) + (22,32)]2,

(13)

(TA, TA) =[(31,31) + (13,31) + (31,13) + (13,13)]2
+2[(23,31) + (32,31) + (23,13) + (32,13)]2
+[(23,23) + (23,32) + (32,23) + (32,32)]%,

(TA, T2)
(A2, T?)

=[(31,11) + (13,11) ]* + [(23,11) + (32,11) ],
=[(33,21) + (33,12)]%,

(A%, TA) =[(33,31)+ (33,13)]2+[(33,23) + (33,32)]%

In the special case of spherical molecules, it is evident from Eq. (11) that Q"= Q" =0 and thus £V =0;
calculation reveals furthermore that the formula (12) reduces to

£ _ 354/ f7 1

16 B0+ RO

315 k3 (@’ a”)% 1

16 e;i/; (f/ al')l/'_*‘ (f” a/)x/2 R{o D (14)

all of which agrees with the results of HeLLER 2 and Fonrana 3.

8 W. H. Keesoum, Physik. Z. 22, 129 [1921].
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4. Dipole-Octupole Dispersion Energy

As was to be expected, no contribution to the energy arises from V4 in first-order perturbation theory.
The second-order energy is the dipole-octupole dispersion energy and turns out to be given by

— aompp =600 +v) BB (LT + (160 +97) A16117 (A,T)
+[16(r; +v) BIBI171 (A A) +[8(2vL +v +v0) B 2B BL171 (T2A,T)
+[8(2vL +v) +v) BLEBIBI1T (T2A,A) +[8(3v . +v1)BL5FL]171 (T%T)
+[8(v . +2v; +v)) BLBEBI L (TALT) +[8BvL +») BL2B/ 171 (T3A)  (15)
+[8(rL +2v" <Y BLBEBITH(TAZLA) +[8(Bw[ +v1) B PB1171 (A% T)
+[8B v +v) B 2B 171 (A3, A) +transpose;
the angle-dependent coefficients appearing in this formula are defined as follows:
(T,T) =@1/8". —=1/8,)2 {[3(111,1) + (221,1)]2 + (332,1)2+ (332,2)2)}
+ (B =1/p) (L —1/8) {[3(111,1) + (221,1)] [3(1,111) + (221,1)]
~2(332,1) [3(2,111) + (2,221)] + (332,2)(2,332))
+ (17 =1/B1)2[3(2,111) + (2,221) 1%,
(A,T)  =9(1/81 —1/8)2[(333,1)2+(333,2)2]
+6(1/8° —1/81) (187 —1/87) {(333,2) (3,332) — (333,1) [3(3,111) + (3,221)]}
+ (/B —1/87)2{[3(3,111) + (3,221)] 2+ (3,332) %},
(A,A)  =9(1/fL —1/8)2(333,3)2 +3(1/8. —1/B)) (1B —1/81) (333,3) (3,333),
(T2A,T) =[(113,1) +(131,1) + (311,1)]2 +[(113,2) + (131,2) + (311,2)]2
+(223,1)2+ (223,2)2 +2[(312,1)2 + (312,2)?], (16)
(T2A,A) =[(113,3) +(131,3) + (311,3)]2 + (223,3)2 +2(312,3)2,
(T3, T) =(112,1)2+ (112,2)2 + (221,1)2 + (221, 2)2
+3[(111,1)2 + (111,2)2+ (222,1)2 + (222,2)?],
(TA%T) =[(133,1) +(313,1) +(331,1)]2
+[(133,2) +(313,2) +(331,2)]% +(332,1)2+ (332,2)2,
(T3, A) =(112,3)2+ (221,3)2 +3[(111,3)2 + (222,3)2],
(TA2, A) =[(133,3) +(313,3) +(331,3)]2+(332,3)2,
(A3, T) =3[(333,1)%+(333,2)?],
(A3,A) =3(333,3)2.

For spherical molecules, Eq. (15) reduces to

go _ _ 105ef 1 1 Jz 105k a’a” [ (f/f)Ra”

105 f 17 L1 ] s @i J
Ahp B RO B0 +30) T B0 +3Y) dem RO | (fa)+3(" ) ’

(" @) e+3(f o)
(17)

again as required by the work of other authors 3.

5. Formulas for Some Special Orientations

In view of the unwieldiness of the general formulas (12) and (15), it will be useful, for calculations
and other purposes, to display here their simplified forms for the special orientations (a) to (d) defined
in ref. 5. We have, for similar molecules,

a) E§) = - (3/4R%? (k316 em™ f) (18)
x [2(17 2% +9a?) (al/® —al?)2 4169 a%® + 204 (aL ay)* (aV? +al}®) "1 +94a}?],



b)

c)

d)

a)

b)

c)

d)
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EQ = — (3/4R%)2 (h3/8em™ f)
x [ (45 a¥% +16 a}?) (a}2 —a1/?)2 421 a5 (19)
+154(a) ap)™ (a¥? +al®) 14+ 8af® +136 a2 «; (a'* +3al) 1],
EQ = — (3/4 R%)2 (R3/16em™ f)
x [2(25 %2 +a?) (a}? — al/?)24 97 a5/2 (20)
+108(ayl ai)” (a¥? +a}/®) 14 af® + 51202 «; (a® +3 a}/®) 1],
EQ) = — (3/4R%)2 (R¥/2em™ f)
x [8(a¥? +8a}?) (al® —a®)2+3a%% +48(aL a)¥ (a¥? +al®) "1 +84a}?]; (21)
E® = — (1/2R5)2 (h3/16 em™: f) (22)

x [2(153a%* +54af?) (a]/? —a¥?)? +612(ar an)™ (a}? +a}?) 71 +507 a%* + 27 4],

E® = — (1/2 R5)2 (R3/32em™ f)
x [81 %2 (a}/® —al/®)2 42346 (aL i)™ (a}® +a}/®) 1 (a}® —al?)?
+2376aLaH (2 +3al?) "1+ 306(al a)) (a”“ all?y—t (23)

+2028a , af (3a}/? +af®)"14+207a%% +2194%7],

EG) = —(1/2 R5)® (3 h3[em® fh)
% [6 as/" (all" ”0)24—6 al an(a]/‘ '11/2) ! (aﬁ/" 1/")2 (24)
—27a% oy (a¥? +3a}®) 14+ 7a%2 +6(aL an)* (a¥f? +a}?) 71 + 34,02 (3al2+4a}/?) 1],
E@ = — (1/2 R%)?2 (h3/2em’/’ 1)

x [24(3 a%? +4a?) (a}? —al/?)24+ 144 (ar o) (a¥® +a}®)71 +9a%2 +244ad%]. (25)
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